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Abstract. We investigate the initial value problem for a semilinear heat equation 
with exponential-growth nonlinearity in two space dimension. First, we prove the 
local existence and unconditional uniqueness of solutions in the Sobolev space 
iJ^(M^). The uniqueness part is non trivial although it follows Brezis-Cazenave's 
proof [3] in the case of monomial nonlinearity in dimension c? > 3. Next, we show 
that in the defocusing case our solution is bounded, and therefore exists for all 
time. In the focusing case, we prove that any solution with negative energy blows 
up in finite time. Lastly, we show that the unconditional result is lost once we 
slightly enlarge the Sobolev space The proof consists in constructing 

a singular stationnary solution that will gain some regularity when it serves as 
initial data in the heat equation. The Orlicz space appears to be appropriate for 
this result since, in this case, the potential term is only an integrable function. 



1. Introduction 
Consider the initial value problem for a semilinear heat equation 

dtu = Au + f{u) 



^ u{0) = Uo 

where u{t, x) : x M"^ — )■ M, > 2 and / G C^(R, M) is a given function satisfying 
/(O) = 0. The Cauchy problem (11. ip has been extensively studied in the scale of 
Lebesgue spaces L'^, especially for polynomial type nonlinearities i.e 

(1.2) f{u) := ±\u\^-\, 7 > 1. 

In such a case, observe that the equation enjoys an interesting property of scaling 
invariance 

(1.3) ux{t, x) := A^/^ ^(A^t, Aa;), A > 

i.e. if u solves (11.21) then also does ux. The Lebesgue space L^'=(R'^) with index 
Qc '■= '^^^'^^ is also the only one invariant under the same scaling (II. 3p . This prop- 
erty defines a sort of trichotomy in the dynamic of solutions of (II. 2p . and basically 
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one can notice the following three different regimes: 

The subcritical case i.e. q > Qc > 1- Weissler in [27] proved the existence 
of a unique solution u E C([0, T); /."(R"^)) n L^^QO, T]; L°°(R'^)). Later on, Brezis- 
Cazenave [3] proved the unconditional uniqueness of Weissler's solutions|l| 

The critical case i.e. q = Qc and d > 3: There are two sub-cases: 

• If gc > 7 + 1, then we have local wellposedness of the Cauchy problem where 
the existence is also due to Weissler [27] and the unconditional uniqueness 
to Brezis-Cazenave [3]. 

• If g = gc = 7 + 1 or equivalently q = and 7 — 1 = (double critical 
or energy critical cas^: Weissler [28] proved the conditional wellposedness. 
When the underlying space is the unit ball of R'^, Ni-Sacks [E] showed that 
the unconditional uniqueness fails. This result was extended to the whole 
space by E. Terraneo [22] for suitable intial data. See also [15] for general 
initial data. 

The supercritical case i.e. q < qc- there are indications that there exists 
no (local) solution in any reasonable weak sense (cf. [S] |271 128]). Moreover, it is 
known that uniqueness is lost for the initial data uq = and for 1 + ^ < 7 < ^^1, 
see Haraux- Weissler [7]. 

The way in constructing solutions consists in using a fixed point argument in 
suitable spaces where the free solution lives and the nonlinear terms can be estimated 
using the heat regularizing properties. Note that the solution can be written as 

u{t) = e*^Uo + M{u){t), 

where the integral operator M{u){t) := e^^~'^^^ f{u{s)) ds. This operator behaves 
differently in the sub and critical cases. It is clearly continuous in C([0,T); L'^(R'^)) 
when the nonlinearity is subcritical, while it is discontinuous in the critical case (see 
[18] for more details). 

In the energy critical case, the nice idea of Ni and Sacks [TS] to prove the non- 
uniqueness is constructive and based on the fact that the Poisson equation does 
not regularize as much as the heat equation when the source term is only an inte- 
grable function. In the energy critical case, the potential term G L^(L^). 

So, Ni and Sacks constructed a singular stationary solution in the punctured unit 
ball. The singularity holds only at the center of the ball and is weak enough to 
extend the singular solution (in the distributional sense) to the whole ball. Then, 
they constructed a local solution which will immediately enjoy a smoothing effect 
that the stationary singular solution will never have. This makes the two solutions 



Uniqueness in the natural space where solutions exist, namely C{L'^). 
'Observe that in such a case, the potential energy term is finite. 
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different and the unconditional non-uniqueness immediately follows. Let us men- 
tion that the well posedness in Sobolev and Besov spaces was investigated in [T9|[T6]. 

In two space dimension, observe that the energjH scaling index = becomes 
infinite. So any power nonlinearity 1 < 7 < oo is subcritical in the sense that 
one can always choose a Lebesgue space L"^ (other than L°°) where one can prove 
the well-posedness for the Cauchy problem fll.4p . However, when taking an infinite 
polynomial e.g exponential nonlinearity, the only Lebesgue space in which Weissler's 
result is applicable is L°°. To this extent, the Cauchy problem (11. 4p is always sub- 
critical in L°° and one can wonder if there is any notion of criticality in two space 
dimension. The loss of the scaling property for inhomogeneous nonlinearities also 
does not help in having any insight toward an answer. 

The aim of this paper is to show that in 2D, a kind of trichotomy (similar to the 
one described above in higher dimensions ) can still be defined. It is based on the 
topology of the initial data. More precisely, consider the Cauchy problem 

{dtU -Au = ±M(e"' - 1) in 
m(0) = Uq . 

Our first goal in this paper is to study whether or not there exists local/global so- 
lution to the Cauchy problem (11. 4p when the data is no longer in L°°. 

First, observe that for an exponential nonhnearity, the largest Lebesgue type space 
in which the equation is meaningful in the distributional sense is of Orlicz kind. In 
this respect, Ruf and Terraneo pT] showed a local existence result for small initial 
data in Orlicz space in four space dimension. In what follows, we will focus our 
attention only to the case d = 2. 

Recall that the Sobolev space if^(R^) is embedded in all Lebesgue spaces for 
every 2 < p < 00 but not in L°°. The optimal (critical) Sobolev embedding is 
known to be 

(1.5) H\R'') ^ £(M2), 

where £(M^) is the Orlicz space associated to the function 0(s) = e*^ — 1 (see next 
section for the precise definition of Orlicz space). The embedding (II. 5p is sharp 
within the context of Orlicz spaces in the sense that the target space C cannot be 
replaced by an essentially smaller Orlicz space. In addition, note that initial data 
in if^(M^) or £(]R^) are not necessarily bounded functions and therefore, Weissler's 
result for the local existence of solutions does not apply. 

Second, we will show that we have a "good" theory for the Cauchy problem (II. 4p 
i.e. finite time/global existence of solutions (depending on the sign of the nonlin- 
earity), and unconditional uniqueness. 

Finally, once we enlarge a little bit the space of data by taking them in £(]R^), we 
show that the unconditional uniqueness is lost. This space is quite natural for this 



^i.e. gc = 7 + 1- 
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result because the potential term is only an function. 

Our results show that even though there is no a scaling property for this problem, 
a sort of trichotomy analogous to the one described in higher dimension can still be 
defined. It is based on the topology of the initial data. In a forthcoming paper, we 
show the non-existence of solutions of the Cauchy problem (11.41) if the initial data 
is in the Sobolev space iJ'*(M^) with s < 1. 

This paper is organized as follows. In the next section, we state our main results. 
In Section 3, we recall some basic definitions and auxiliary lemmas. The fourth 
section deals with the regularity regime. Section 5 is devoted to the Orlicz reg- 
ularity data. 

Finally, we mention that C will be used to denote a constant which may vary 
from line to line. We also use A < B to denote an estimate of the form A < CB for 
some absolute constant C and A k, B ii A < B and B < A. 



First, we prove that without any restriction on the size of the initial data, the 
Cauchy problem (11.41) is locally well-posed in the Sobolev space H^{E?). To do so, we 
use a standard fixed point argument. The uniqueness part is non trivial and follows 
the steps of Brezis-Cazenave's proof |2] in the case of monomial nonlinearity in 
dimension d > 3. Following Caffarelli-Vasseur |1] and using the energy estimate, we 
prove that in the defocusing case our solution is bounded. Hence by a standard blow- 
up criterion (see for example |3]) the solution extends to a global one. Proceeding 
in the same way as in [23], we show that in the focusing case that any solution to 
(II. 4p with an initial data with a negative energy blows up in finite time. Recall that 
the energy is given by 



Our first main result can be stated as follows. 

Theorem 2.1. Let uq G H^R"^). 

1) There exists a unique u solution to (ll.4p in C([0, T]; if-^). 

2) If f{u) = — n(e"^ — 1), then the (above) solution is global. 

3) // f{u) = M(e" — 1), then a data mq 7^ with J{uq) < gives a unique 
solution blowing up in finite time. 

Remark 2.2. The first assertion of the above Theorem remains true for f{u) = 
±Me" , and the second one also extends to the case f{u) = —we" . This means that 
we only need to remove the quadratic term from the nonlinearity only for the blow 
up result. 

The previous Theorem shows that the regularity supports well the exponential 
nonlinearity. That is why we have obtained a "good" if^-theory. Now, we enlarge 
that space a little bit so that (11.41) is still meaningful in the distributional sense. 



2. Main results 
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and we investigate the well posedness of fll.4p in the Orlicz space C which is larger 
than the usual Sobolev space if^(R^). First, we improve the result of Ruf and 
Terraneo [2Tj by showing the local existence of solutions. Second, we give a non 
uniqueness result in the Orlicz space based on a construction of a singular solution 
to the associated elliptic problem. 

Theorem 2.3. Let Bi be the unit ball o/M^. There exists infinitely many uq G jC{Bi) 
such that the Cauchy problem 



(2.6) 



dfU = Au + M(e"^ — 1) in Bi 
Ut=o = uo in Bi 



u\dBi = for t > 

with data uq has at least two (distinct) solutions. 

To prove the above Theorem, we first construct infinitely many stationary, non- 
negative and radially symmetric singular solutions Q. We then show that they all 
belong to the Orlicz space. This implies that f{Q) G L^, and thus the elliptic 
regularity does not reach L°°. Second, using a such singular solution as an initial 
data in (12.61) . we can construct a solution to the heat equation in C([0, T), £(_Bi)). 
For that, we split the initial data into a smooth part (localized away from the sin- 
gularity), and small and singular part (well localized near the singularity). We 
easily construct a local smooth solution with the smooth initial data, and then 
by a perturbation argument, we construct a solution to the problem with the lo- 
calized small singular data. Using a parabolic regularization result due to Brezis- 
Cazenave [3], we show that this solution also enjoys a smoothing effect and is in 
L-([0, T); £(5i)) n ((0, T); L^{B,)). 

Remark 2.4. In order to prove a nonuniqueness result when the underlying space 
is M^, one can either construct a singular solution on the whole space using Pacard's 
method, or extend to the singular solutions that we construct on the punctured 
ball. This latter singular function will obviously not solve the stationary problem. 
Thus, one need to construct a singular solution to the heat equation with that data. 
In this paper, we elect to restrict our selves to the ball and not the whole space M^. 

3. Background material 

In this section we will fix the notation, state the basic definitions and recall 
some known and useful tools. First we recall the standard smoothing effect (see for 
example [5]). 

Lemma 3.1. There exists a positive constant C such that for all 1 < (3 < ^ < oo, 
we have 

(3.7) b'WlL-y <^Ml^, Vt>0,V</^eL^(M') 
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where e*^(/9 := Kt * = j-je 4t * (p. 



Using Young and Holder inequalities and the precedent Lemma with the following 
integral formula 

u{t) = e'^uo + [ e(*-^)^ {dtu - Au) (s) ds 







we deduce the following estimates 
Proposition 3.2. 

(3.8) sup \\u{t, .)\\m(w2) < C( ||M(to, OIlHHiRa) + ll^iM - A^^||Ll([o,T],/^l{R2)))■ 
^e[o,T] ^ ^ 

(3.9) sup ||M(t, .)||loo(k2) < C( ||M(to, OIU-'CIRa) + ll^tM - Am||li([o,t],L° 

te[o,T] ^ 

We recall the following nonlinear estimates which are consequence of the mean 
value theorem and the convexity of the exponential function. See [I0| |6]. 

Lemma 3.3. For any £ > there exists > such that 

2 

(3.10) |/(t/i) - /(f/2)| < C,\U, - U,\ J2 {e^''-'^''? - l). 



i=l 
2 



(3.11) 1/(^0 - f'{U2)\ < C,\U, - U2\ J2 (e'^'+^)^^ - l) 



1/2 



In order to control the nonlinear part in Ll[Hl), we will use the following Moser- 
Trudinger inequality [H [T71 |2S] ■ 

Proposition 3.4. Let a G (0,47r), a constant Ca exists such that for allu G iJ^(M^) 
satisfying HVm 11^2(^2) < 1, we have 

(3.12) jT^ (e"l^(-)l' - l)dx < CMhm- 

Moreover, 03.121) is false if a > An. 

Let us mention that a = An becomes admissible if we require ||tt||_f/i(R2) < 1 rather 
than ||VM||L2m2) < 1. Precisely 



(3.13) sup [ ('e^-l«(^-)P -i\dx<oo 

and this is false for a > in. See [2Ql for more details. 



Let us now introduce the so-called Orlicz spaces on R*^ and some related basic 
facts. 
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Definition 3.5. 

Let (p '■ — ^ be a convex increasing function such that 

0(0) = = lim (f){s), lim 0(s) = oo. 

s->0+ s^oo 

We say that a measurable function m : R'^ — t- C belongs to L'^ if there exists A > 
such that 

\u{x)\ 



A 



dx < oo. 



Then, we denote 

(3.14) \\u\\l^ = inf I a > 0, j 1^^^^ dx < 1 

It is easy to check that L'^ is a C- vectorial space and || ■ \\i^4> is a norm. Moreover, 
we have the following properties. 

• For 0(s) = s^, 1 < p < oo, L**^ is nothing else than the Lebesgue space L^. 

• For (pais) = e"** — 1, with a > 0, we claim that L'^" = L'^'^ . It is actually a direct 
consequence of Definition 13.51 

• We may replace in f l3.14p the number 1 by any positive constant. This change the 
norm || ■ ||j;^</> to an equivalent norm. 

• For M G L*^ with A := ||it||L<* > 0, we have the following property 

(3.15) |a>0, j ^(^^^^ rfx < l| = [Aoo[. 

In what follows we shall fix d = 2, 0(s) = e*^ — 1 and denote the Orlicz space 
L'^ by C endowed with the norm || ■ \\c. It is easy to see that C ^ for every 
2 < p < oo. The 2D critical Sobolev embedding in Orlicz space C states as follows: 

H^{m^) ^ £(M2) . 

We recall some elementary properties about Orlicz spaces (see for example [21 |2T]). 

Proposition 3.6. We have 

a) (L*^, II ■ IIj;^^) is a Banach space. 

b) nL°° C L*^ C + L°°. 

c) There exists a positive real number K^p^d such that if T : with norm 
Ml and T : L°° ^ L°° with norm M^, then T : ^ L'f' with norm M < 

K^^n sup (Ml, Moo). 

d) For any p>2, C{R'^) C ^^(M^) and we have 

\\u\\LP(m < (r(- + 1) ) ||n||£ 



where T{x) := t^ ^e *dt. 

Now, we give some technical results which will be useful later. The following 
lemma is classical (see for example Proposition 4.2 of [2J]) but the proof seems to 
be new. 
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Lemma 3.7. Let u G H^iM?). Then for any a > and 1 < q < oo, 

e""' - 1 G L«(M2). 



Proof of Lemma \3. 7\ Without loss of generalitye, we may assume that a = q = 1 
and u is radial. First, let us observe that thanks to the following well known radial 
estimate 

C 

\u{r)\ < 



we obtain for any a > 0, 

f -A dx< [ |M(x)|2el"(")'' dx < e^"""Hi < oo . 

J\x\>a ^ ^ J\x\>a 

Therefore, to conclude the proof it is sufficient to show that for suitable a > 0, 
we have 

(3.16) f e'^'^'^Vrfr < cx). 

Jo 

For a > and < r < a, write 

ds 

\u{r) - u{a)\ = / ^/su'{s)—= 

Jr 

1 / r \i/2 

Choosing a > small enough such that 

l|Vu||i2(|,|<,) < 27r, 

and witting 

< ^1-/3 p \\^^\\h{\x\<a) 

' 1 P ■ 1 

TT 

we end up with fl3.16p . ■ 

Proposition 3.8. Let u G C([0, T]; H^{M?)) for some T > 0. Then 

e"'-l G C{[0,T];L\R^)). 

Proof of Proposition \3. 81 Let t G [0,T] and (t„) be a sequence in (0, T) such that 
tn ^ t. Denote by m„ := u(tn) and u = u{t). We will prove that 

e«n_i^e"'-l in ^^(R^). 
Set Vn '■= Un — u. Clearly, we have 

e< _ = e"' (^(e"' - l)(e2''"" - 1) + (e^^"" - 1) + (e'^" - 1)) . 

Hence 

lie"" - e^'lUi < lie"' - lIU^ ||(e^" - l)(e2^"" - 1) + (e^^"" - 1) + (e'^- - 

(3.17) + ||(e^" - l)(e2-"" - 1) + (e^^"" - 1) + (e^- - l)|Ui, 
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and by Moser-Trudinger inequality we have 

(3.18) lim||e^" - l||i2 = 0. 

n 

Now, it is sufficient to prove that 

hmlle^l™"! - = 0. 



From Proposition 13.61 recall that for every p > 2, we have 

II-IIl. <(r(| + i))^MU. 

Thus, by Holder inequality we have the estimate 



|g2|™„| 



< -T(l|2M||L2p|l^n||L2p)P 

< ^lr(p+l)(||2n|UI|t;„|Ur = l--^-4 
^ »! 1 — 2 m 



which implies that 

(3.19) limlle^l™"! - 1||li = 0. 

n 

This together with (I3.17p . (13.181) and (13.191) end the proof of Proposition 13.81 ■ 

The following elementary result is needed to derive an L°° bound of the solution 
of the nonlinear heat equation in the defocusing case. 

Lemma 3.9. Let {xn)n&i be a real valued sequence satisfying for some constants 
C > 1 and 13 > 1, 

< xo < Co := CT^, and < < 

Then 

lim Xri = 0. 



n—^+oo 



(l + n(/i-l)) 

Proof of Lemma \3.S{ Let us define ?/„ := C C'-i)^ a;„. We have 

< ?/„ < , and < 1. 

_(l + nC8-l» 

Hence, < 1, and then < x„ < C c-i)^ which implies that lim a;„ = 0. ■ 

Finally, we recall the following parabolic regularizing effect due to Brezis-Cazenave 
[5] that we will use to obtain a locally (in time) bounded solution to (II. 4p with 
singular data. Consider the following linear heat equation with potential 

dtu — Au — a{t, x)u = in fi, 
(3.20) { n = on 

u(0) = uo, 

where f2 is a smooth bounded domain of M^. 
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Theorem 3.10 ( see Theorem A.l in [3J). Let < T < oo, a > 1, and let 

a G L°°([0, T]; Given uq G , 1 < r < oo, there exists a unique solution 

M G C([0,T];L'-) nL;^^([0,r];L°°) of equation (Km . 

4. if^-THEORY: PROOF OF THEOREM 12.11 

This section is devoted to the proof of Theorem 12. II We divide the proof into sev- 
eral steps. First, we show the existence of a local solution to (11. 4p . regardless of the 
sign of the nonlinearity. In the second step, we prove the uniqueness in C([0, T); H^). 
This result, is not straightforward, although it follows Brezis-Cazenave's steps. Then 
we show that in the defocusing case we can extend the solution globally in time. 
Finally, we establish a finite time blow-up result in the focusing case. 



4.1. Local existence. We summarize the result in the following Theorem. 

Theorem 4.1. Let uq G H^lM."^). Then, there exist T > and a solution u to (11. 4p 
in the class 

Ci[0,T);H\R')). 

Proof of Theorem \4.1\ The idea here is similar to the one used in [121 El HD]- In- 
deed, we decompose the initial data to a regular part and a small one. We prove the 
existence of a local solution v to (11.41) associated to the regular initial data. Then 
to recover a solution of our original problem we solve a perturbed equation satisfied 
hj w := u — V with small data. 

We start by showing the local existence in if ^nL°°(M^) as claimed in the following 
proposition. 

Proposition 4.2. Let uq G {H^ fl L°°)(M^). Then, there exists T > (depending 
upon uq) and a solution u to (II. 4p in the class 

C{[0,T);{H^nL°^)(R^)). 

Proof of Proposition \4.!^ Let the space 



Xt ■.= C{[0,T);H^ nl'^^iR'^)), T > 0, 
endowed with the norm 

II^IIt ■= ll^l|Lf?(//i(R2)) + ||m||l5?(L°o(R2)). 

Recall that {Xt, \\ ■ W^) is a Banach space. Set v := e*^-uo a^nd define the map 

/ e'~'-'^^f{{u + v){s))ds. 







Let Bfir) be the ball in Xt with center zero and radius r > 0. We prove that for 
some T, r > 0, the map $ is a contraction from Bxir) into itself. 
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Applying the energy estimate f l3.8p to Ui,U2 G Bxir) and the smoothing effect (13.71) . 
we obtain 

||$(ni) - <^iu2)\\T < \\f{ui+v) - f{u2 + ^^)||l^(l2(ij2)) + ||V(/(mi + v)- /(u2 + t;))|U^(L2(K2)) 
+ 11/(^^1+^0 -/(w2 + ^^)||l1,(L-(R2)) 

< A + B + C. 

Let us start to estimate A. Set w := Ui — U2 and Vi := Ui + v , i E {1, 2}. Using 
Lemma [3 .3^ we infer 



i=l,2 

j=l,2 



Using the fact that || < r + ||mo||l°=, it follows that 

\\f{v,) - /(t;2)||L2(M2) < ||^|U2e2(^+ll"«ll--(«^))'. 

Therefore 

< Co^r^lllfllT- 

Similarly, we have 

C < Co^rT\\w\\j,. 
Now, let us estimate the second term B. We have 

l|V(/(t;i) - f{v2mLHm = II Vt;i(/'K) - f\v2)) + {Vv^ - Vv2)f'{v2)\\L^ 

< l|Vt^i(/'K) - /'(t;2))||L2(R2) + ||Vu;/'(i;2)||l2 

< Bi + B2. 
Arguing as before, we obtain 

It remains to estimate Bi. Using (13.111) . we infer 

^1 < 5^l|Vt;i«;(e^^?-l)i/2|U2(i,2) 

i=l,2 

< \\^vi\\lHr^)\\w\\l^ ^e^"^'"'- 

i=l,2 

< lkl|Loo||Vt;i|U2(K2)e2(^+ll'^«ll^°°)'. 

Hence 

B<{l + r+ ||?zo||HOe'^'^""°"^°°^'^lkirr < Co,.T||^|r^, 
which implies that 

(4.21) ||<I>(mi) - <I>{u2)\\t < Co^rT\\w\\T. 
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Now, let US estimate Using f l3.2p . we deduce 

+ 1I/(^i)IIl^(l-(m^)))- 
On the other hand, taking in the precedent computations V2 = 0, we obtain 

\Mu,)\\t < Co,rT\\Vi\\T 

It follows that for r, T > small enough, $ is a contraction of a ball of Xt- Let u 
to be the fixed point of $. Then m + w is a local solution to (11.41) . This concludes 
the proof of Proposition 14.21 ■ 

Remark 4.3. Note that 

\\u\\t < r + C||Mo||//inL°°- 

Now we solve the perturbed problem. We decompose the initial data as follows 
Mo = (/ — Sn)uo + SnUq where Sn = J2j<N-i ^i' (^i) being an inhomogeneous 
frequency localization, and is a large integer to be fixed later. Recall that ||(/ — 
SN)uo\\m A and SnUo G (H^ D L°°)(M2). 

By Proposition 14. 2[ there exist a time Tn > and a solution v to the problem (ll.4p 
with data SnUq. Now, we consider the perturbed problem satisfied hj w := u — v 
and with data (/ — S]\f)uo. Namely, let 

dfW — Aw = —/(f) + f{v + w) 
n(0) = (/ - Sn)uo. 

Using a standard fixed point argument, we shall prove that (I4.22p has a local solution 

in the space Xt ■= C([0,T); if^(M^)) for a suitable T > to be chosen. 

We denote by ||m||t := ||f ||L°°([o,T];/i'i(iR2)) and we recall that {Xt, \\ ■ \\t) is a Banach 

space. 

Set wi := e*^(/ — Sn)uo and consider the map 



(4.22) 



m-.u^ e^*-'^^{f{u + v + wi)- f{v)){s))ds. 



Let BT{r) be the ball in Xt of radius r > and centered at the origin. We prove 
that for some T, r > 0, the map \E' is a contraction from BT{r) into itself. 
Applying the energy estimate (13. 8p to mi, M2 G Bt^t) and using the smoothing effect 
(13. 7p . we infer 



II^(mi) - ^(u2)||t < \\fiui+V + Wi)- f{u2 + V + Wi)\\Li^(L^R^)) 

+ T^\V{f{Ui + V + Wi) - f{u2 + f + Wi))IU??(Li(K'))- 

Set w := Ui — U2 and Vi := Ui + v + wi. Using Lemma 13. 3[ we obtain 



|L2 
i=l,2 



Since \vi\'^ < 2(wi + UiY + 2f ^ and using the simple observation 
(4.23) e'^+^ - 1 = (e*^ - l)(e^ - 1) + (e*^ - 1) + (e^ - 1) 
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we have, 

lk(e'''— l)||L^<lk(e'^'-l)||L^ + |k(e^("^+'"')'-l)|U^ 

+ ||t/7(e^"'-l)(e2(^+^)("^+'"')'- 1)11^2. 
By Holder inequality and Sobolev embedding, we have 

lk(e^'''-l)||L^ < |klU2e«- <e«-||^l|Hi, 

and 

||w(e^(«»+"")' - 1)11^2 < ||w||i6||e^("'+"")' - 111^3 

< ||t^bi||e^(">+'"')'-l|U3. 

Denoting e„ := ||(/ - Sn)uo\\h^, we have ||V(ui + wi)\\l^ + en 0. Hence, for 
a > 0, p > 1 and thanks to Moser-Trudinger inequality we derive 

(4.24) ||e'^("»+'^')' - < ||e"P(«'+"")' - 1|||, 

< {r + snf^, 

and 

||^(e4K+-0^_l)||^, <||^||^,(^ + ^^)2/3_ 

Consequently, 

||w(e^"' - i)(e2(i+^)K+-')' - 1)11^2 < e^ll-lli- ||u'||^i(r + 

Therefore, 

\\f{Vl) - /(^^2)||l1.(L2) < <^0,rT||w||iop^i(K2), 

where the constant Co,r depends only on uq and r. It remains to control || V(/(fi) — 
/(^^2))||l5?{li{r2))- We have 

||V(/K) - f{v2))Um = W'^Mf'ivi) - f\v2)) + (Vt;i - Vv^)f\v^)\\m^.) 

< \\Vvr{f'{v^) - /'(t;2))||Li(R2) + ||Vu;/'(i;2)||lhm2) 

< E + F. 

Arguing as before, we have 

E< ||t;||^.e«-(l + (r + 5„)i/2)||«;i|^i, 

and 

F<(||t;|ki+2r + 2e„)e«-||t/;l|^,i. 

Therefore 

l|V(/(t;i) - /(f2))|U-(Li(iR2)) < Co,,.||w||t, 

which implies that 

(4.25) II^(mi) - ^(M2)||r < Co,.(l +T)T^||«;||r. 
Now we estimate ||\E'(mi) Ht- Using fl3.2p . we obtain 

\\^{ui)\\t < C\\f{v,) - /(t;)|U^(^2(i,2)) + Tt||V(/(i;i) - /(i;))|U^(li(r2)), 
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where we set Vi := Ui + v + wi. Taking t>2 = v, in the precedent computations, we 
have 

< Co,r{^ + T)T^2\\m + wi\\T 

< Co,.(r + ||?io||Hi(R2))(l +T^)T5 

In conclusion, for T small enough, \& is a contraction of some ball of Xx- We obtain 
the desired solution by taking u + wi where u is the fixed point of \E'. The proof is 
achieved. ■ 

4.2. Uniqueness in C([0, T[; i7^(R^)). This subsection is devoted to the proof of 
the uniqueness part of Theorem 12. 1[ More precisely, we prove an unconditional 
uniqueness result. 



Theorem 4.4. The solution given in Theorem 4jl is unique in the class 

C{[0,T);H\R')). 

Proof of Theorem \4.4\ Let u, v E C([0,T];i7^) be two solutions to fll.4p with same 



data Mo and set w := u — v. Define the potential 

f (m), ifw = 0, 



a{t, x) : = 

so that, 

w{t) = I e^'-'^^a{s)w{s) ds. 







The following Lemma can be seen as an extension of Brezis-Casenave's result [3] to 
the two dimensional case. The crucial point is to show the continuity of the potential 
term (continuity at t = 0). As pointed out in [3], this result seems to be open if the 
potential is only in time. 

Lemma 4.5. Let a G C([0, T]; ^^(M^)) and u E L°°((0, T); /."(M^)) with 2 < q < 
oo, l<»<oo, - + -^1 and such that 

u{t)= [ e(*-')^a(s)M(s)cis, VtG[0,T]. 
Jo 

Then u = on [0, T] . 

Proof It is clear that au G L°°([0, T), /.^(M^)) where - = - + - (1 < r < cx)), so 

that by maximal regularity u G Lp((0,T), Vr^'^(]R^)) for all p < oo and satisfies for 
almost every t G (0,T) the next equation in U(M.'^) , 

(4.26) dtu - Au = au. 

Let to £ [0)^]) ^ /^(M^) and a„ := min{n, max{a, — n}}. Denote by Vn the 
solution to 

-dtVn-AVn = anVn iu (0, to) X , 
^^n(to) = i'- 
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Multiplying fl4.26p by Vn and then integrating on (0,to) x ■, "we have 

I'M) i> pto 



Hence 



/ / {dtUVn — ^uvn) dx dt = 
Jo Jr^ Jo 



"to 

u{to)^jj dx = I dt{uvn) dx dt 



I I udtVn + (Am + au)vn dx dt 
Jo Jw? 



auv„ dx dt 



(4.27) = / {a — an)uVn dx dt. 

Jo Jr? 

In order to prove that u = on [0, T] it is sufficient to show that 

(4.28) a„"-^a inC([0,T];LP(M2)) 
and 

(4-29) sup ||l'n|L-([o,io),L'-'(R2)) < C'r'||^|Lr'(K2), 

n>0 

where — = 1 . First let us prove fl4.28p . By contradiction, there exist ?7o > 

such that sup ||cin(i^) — ci{t)\\LP > tiq uniformly on n G N. So, for fixed n G N, there 

0<t<T 

exist s G [0, T] and a real sequence tk G [0, T], tk s such that 

(4.30) \\an{tk) - a{tk)\\Lp sup \\an{t) - a{t)\\LP. 

0<t<T 

This implies that, for any A; G N, 

(4.31) ||a„(4) - a{tk)\\Lp > Vo VA; G N. 

Since a„(t,a;) a{t,x) almost everywhere, |a„| < \a\ and a{t) G L^(]R^), by 

Lebesgue Theorem , we have 

(4.32) ||a„(t)-a(t)|U.'^-=^0 VtG[0,T]. 
Writing 

hnitk) - a{tk)\\LP < hnitk) - a(s)|Up + \\a{s) - a{tk)\\LP, 
and using the fact that a G C([0, T]; ^^(R^)), we deduce 

rio < limsup ||a„(4) - a{tk)\\LP < limsup ||a„(tfc) - a{s)\\LP = ||a„(s) - a{s)\\LP. 

k — ^oo k — >oo 

This obviously contradicts fl4.3ip - fl4.32p . 
Now, we prove fl4.29p . We take Vnif) := f„(to — t), and &„(t) =: a„(to — t), we have 

dtVn - AVn = bnVn, 
Vn{0) = i^. 
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First, we multiply the precedent equation by \vnY Vn then we integrate over 
we obtain 



[ l^n(^,a;)r' dx + 
r' dt J^2 



4(r' - 1) 



I V|f„r ''^P (ix < / |fe„||fri|'' dx 



< / \b\\vJ' dx. 



In the last inequality we used < \b\ because |a„| < \a\, where b = a{to — .) on 
[0,to]. 

Using the fact that \bj\ < j and Sobolev embedding, we get 

/ dx < \b — bj\\vn\'^ dx + \bj\\vn\'^ dx 

ilR2 Jr2 J^2 

< C\\b- &,||L.||V|^I„r'/l^,(,,l, + (j + C)\\VnmLr' 

Since bj ''■^^ b in C([0, T]; L^(R^)), we choose j > large enough such that 

Mr' - 1) 

Therefore 

Using Gronwall Lemma, il follows that 
which conclude the proof of fl4.29l) . 

The proof of the Lemma 14.51 is achieved. H 

Now we prove that a G C([0,T]; L^). We proceed by contradiction. Assume that 
there exists e > 0, t E [0, T] and a sequence of real numbers in [0, T] such that 

(4.33) tn^t and \\a{tn) - a{t)\\L2 > e, Vn G N. 

Denote m„ := := and Wn := w{tn). Recall that u,v E C{[0,T]] H^). 

So up to extraction of a subsequence, we have 

a.(^n) CL{t) almost everywhere. 

Moreover, by a convexity argument 

\a{tn)\ < e'"" - 1 + e''^" - L 

Since u G C([0,T]; H^), using Proposition 13. 8^ we infer 

e^"' - 1 -> e^"' - 1 and e^^" - 1 ^ e^^' - 1 in L\R^). 

Thus, there exists G such that 
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Using Lebesgue theorem, we deduce 

(^itn) — CL(t) in L^. 
This contradicts fl4.33p . and we conclude that a G C([0,T]; L^). 

End of the proof of Theorem 14. 4[ 

It is sufficient to check assumptions of Lemma H75l Obviously w G L°°([0, T], L'^{Mj^)) 
for every 2 < q < oo. H 

4.3. Global existence. In this subsection we prove a global well-posedness result 
in the defocusing case. 

Theorem 4.6. Let uq G H^(R'^) and assume that f{u) = — M(e" — 1). Then, there 
exists a unique global solution to (11. 4p in the class 

In the defocusing case, we prove that for Uq G if^(M^), the solution u G C([0, T); 
to (II. 4p satisfies u G L'^^(]0,T[; L°°{M?)) then we conclude using the next standard 
blow-up criterion (see for example [3]). 

Lemma 4.7. Letuo G H^{R'^) andu G C{[Q,T*);H^{R^)) solution to (O]). Assume 
that T* < oo, then 

limsup ||u(t)||Lcx,(iR2) = +00. 

The next Proposition proves that the solution is bounded. The proof is in the 
spirit of Caffarelli-Vasseur |1] and is based on the energy estimate. 

Proposition 4.8. Assume that Uq G if^(M^) andu G C{[0,T); H^(M?)) solution to 
flLij) with f{u) = -M(e"' - 1). Then 

M G L^,(]0,T[,L~(M2)) and ||M(t)||L- < ||mo||l2, V < t < T. 
Remark 4.9. Actually we will obtain a more precise estimate, namely 

q^ + 10q-12 1 

||'«(t)IU-(R2) < 2 t-^ \\uo\\l2, Wa>2. 



Proof of Proposition \4.S\ . Let M > to fix later and 

Cfc := M(l - 2"^"), Uk := {u - Ck)+ = {u - Ck)x{u>ct,}- 
Since uf{u) < 0, we have the following estimate 

(4.34) / ul{t)dx+ [ \Vukit)\^dx<0. 

Let to > 0, Tfc := to{l - 2~^), and 

Uk:= snp([ ul{t,x)dx) +2 [ [ \Vuk{t,x)\'^dxdt. 

Let Tk-i < s < Tk < t < to. Integring (14.341) between s, t and s, oo we obtain 

Uk<2\\ukis)\\l2( 
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Thus integring between T^^i and T^, we have 

2^+1 

(4-35) Uk < — \\Uk\\L'2((Tk-i,Tk)xR'^)- 

Moreover, using the interpolation estimate 



2 -I 2 



(4.36) IhlU- < ||^^||£2||Vm||^.", 2 < r < oo, 

we obtain 

\\uk{t)\\Lr < \\uk{t)\\l2\\Vuk{t)\\l~^ < \\uk{0)\\l4Vukit)\\l~K 



Therefore 



|Y7„ II 2 ^ /^ lkfc||L'-((rfc,oo)xR2 ) V-2 

I V^A:||L2{(Tfc,oo)xM2) ^ I 2 



> 



L2 

r-2 II 



1 \ ^ 2r 



r-2 



-2||mo||l2 

2r 

^ ^o\Wk\\lr^(^(^Tk,oD)xR^)- 

Thus 

2r 

(4.37) f/fc > 2Co||Mfc||2;'(T,,oo)xR2)- 

On the other hand, if > then Uk-i > so 



"fc|lL'-((Tfc,oo)xI 



5 

a 



Now, by f l4.35p . and for given a > 0, 

2fe+i 



Uk < — — / ul_,yu,,.->()\dxdt 



fc-iX{«fe>o}': 

J(Tfc_i,oo)xR2 



2i+fc(Q+i) 

< — / ul^yxdt 



MHo J(T,.„oc)xI 

91+A;(q+1) 
^ t lU, ||2+a 

Using f l4.37p . we infer 

Uk < AC'-'ul,, 

where 

9^/2+4 II II 2 

A:=- and C := 2"+i 



To conclude the proof, we shall use Lemma 13.91 Indeed, taking a > 2, M := 

+ 10CI-12 _J_ 2 

2 2a(a-2) Q ||mo||l2, and applying Lemma I3l9] to the sequence := A'^-'^ Uk, we 
obtain 

lim Uk = 0. 
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Thus u < M for t > tg-The same proof on —u gives the same bound for We 
obtain finally 

Ct2 + 10Q-12 _ J. 

||M(to)||L-(K2) < 2 2.(-2) to"||no||L2, Va>2. 



Letting a to infinity, we conclude the proof of Proposition 14.81 ■ 

4.4. Blowing-up solutions. Recall the energy 

Jit) := Jiuit)) = hvuit)\\l, - I F{u{t)) dx, 

with F{u) = I ^e"^ — 1 — u^^ . We show that all solutions with non-positive energy 
have a finite lifespan time. More precisely 

Proposition 4.10. Letuo G /7i(M2)\{o} such that J [uq] <Oandue C{[0,T*[; H^W^)) 
be the maximal solution to fll.4p with data Uq. Then T* < oo. 

The proof is standard and follows for example [H] (see also [13] in the context 
of the Klein-Gordon equation). It consists in following the evolution in time of the 
function 

1 /■* 

Proof of Proposition \4^T^ First, observe that since we have removed the quadratic 
term from the nonlinearity, then f{u) enjoys the following property for a certain 
positive number e 

(4.38) (uf{u) - 2F{u)^ > eF{u) . 

Next, multiplying fll.4p by m, integrating in space we obtain 

j\t) = -\\dtumi^, 

and by an integration in time 

t 

2/ 



(4.39) J{t) = J{0)- / {dtuy{s,x) dxds. 

Jo Jr^ 

Finally, a straight calculation shows that 

y'\t) = -\\Vu\\l2+ / uf{u)dx 

> f /" 2F(m) rfx - ||Vm||^2 

(4.40) > (2 + £)f / / dtu'^ dxds- J{0) 

where we used property 04.381) in the second estimate and identity 04.391) in the last 
one. Now, the proof goes by contradiction assuming that T* = oo. We have 
Claim 1: There exists ti > such that jj^ ||(9t-u(s)||^2 ds > 0. 
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Indeed, otherwise u{t) = uq almost everywhere and thus u solves the elliptic sta- 
tionary equation Am = —f{u). Then || V'u||^2(]r2) = J^2 uf{u)dx, and therefore 



0<e F{uo) dx< Uofiuo) - 2F{uo)) dx = 2J(0) < 

giving Uq = which is an absurdity. 

Claim 2: For any < a < 1, there exists > such that 

{y'{t)-y\0)f>ay'{tY, t > t^. 

The claim immediately follows from the first one observing that 

lim y{t) = lim y'{t) = +oo. 

t—^oo t—¥oo 

Claim 3: One can choose a = a{e) such that 

(4.41) y{t)y"{t)>{l + a)y'{tf, t>t^. 

Indeed, we have 

y{t)y"it) > ^4"^ dxds) iff dtu" dxds) 

> — 1£ f I I udfU dxds) 

> ^(!/'W-!/'(0)r 

where we used (14.40 1) in the first estimate, Cauchy-Schwarz inequality in the second 
and Claim 2 in the last one. Now choose a such that > 1 then 

The fact that this ordinary differential inequality blows up in finite time contradicts 
our assumption that the solution was global. H 

5. The Cauchy problem in Orlicz space: proof of Theorem 12.31 

We start this section with the following definition of singular solution. 

Definition 5.1. Recall that Bi is the unit hall o/M^. By a singular solution of 

—Am = f{u) in Bi 
M = on dBi 
M > 

we mean a function u G C^(-Bi\{0}) satisfying 

lim sup u{x) = oo . 
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First we construct a stationary singular solution Q to fll.4p . Second, we prove the 
existence of local solution to the Cauchy problem fll.4p in the Orlicz space C with 
data Q. Third we prove a regularizing effect of the heat equation. The nonuniqueness 
result given by Theorem 12.31 immediately follows. 



5.1. Singular solutions. The main goal of this subsection is to prove the next 
result. 

Theorem 5.2. The following singular elliptic problem 

-Au = f{u) := u (^e"' - m fii\{0} 

u{\x\ = 1) = 0, m(0) = +00 

u > 

has infinitely many radial classical solutions. Moreover, they all satisfy 

1) -Au = f{u) m V'{Bi). 

2) n G C{Bi) and lim ||M||£(|x|<r) = 0. 

For the proof of Theorem 15. 2^ we will need the following results about the associ- 
ated elliptic problem. The first is known and can be found in [22] for example. The 
second can be seen as an extension to dimension two of Lemma 1 . 1 in [18] . 

Lemma 5.3. (see [22] j There exists a unique radial classical solution to 

—Au = f{u) := u ^e"^ — ij in Bi 

u > 0, 
u = in dBi. 

Lemma 5.4. Let u e C2(5i\{0}), u > 0, such that -Au = f{u) zn 5i\{0}. Then 

i) f{u)eL\B,). 

ii) //(-log(|a;|))"M« G L^B^), for some ^>0, then 

Au + f{u)=0 m V'{Bi). 



Proof of Lemma 5^. The proof contains two steps. 

i) Let g{a) := e (^^X[o,i[ and v^e : a; i — > 5'(]f|), for e > 0. So 

V \x\ < e, (peix) = 0, lim (Peix) = 1 and A^p^ > on Bi. 
By Fatou's Lemma 

< liminf 



22 S. IBRAHIM, R. JRAD, M. MAJDOUB, AND T. SAANOUNI 

Moreover 

\\f{u)(Pe\\L^Bi) = - / Au(fi^{x)dx 

JBi 

= -7r(^^ u{r){rifie{r) + ipe{r))dr - u{l)ipe{l) + u{l)g{e)j 



Since the right hand side is bounded uniformly on e, we conclude that f{u) e 

2i) Let T e C°°(R+), satisfying r = on [0, 1], r = 1 on [2, oo) and < r < 1. 
For £ > 0, take t^{x) :— t{^-^). It is sufficient to prove that 

limy (uA(j) + f{u)(j)ye = 0, W(f)eV{Bi). 



Write 



y {uA(f) + fiu)(Pye = J^ ((A((/)T,)-2V(/)VT,-(/.Ar> + /Hr,0), 



so it is enough to show that 



lim / mV0.Vt£ = lim / m^At^ = 0. 



Let q > l,a > and xi^) '■= (~ log(kl))") h := x^*^- We have 



1 ^ 

9 



B2e 



2-- 



B2s 



In addition 



Since 

f2 



/ x~ = TT (— log(r)) 1 rdr 

JB2e Jo 

O I —a.q 

= TTE (— log(£r)) 9 rdr. 
Jo 

I —aq 

lim / (— log(£r)) 1 rdr — 0, 
Jo 



we deduce that 



lim / u(bATr — 0. 
^^oJb, 
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Similarly, we have 
This finishes the proof. 



lim / uV(f).VTs = 0. 



(So 



Proof of Theorem \5.^ First, we prove the existence of singular solutions. For any 
a > 0, we denote the Cauchy problem 

-y{t)=e-''f{y{t)), t>0 
1/(0) = 0, 2/(0) =«. 

Using the changing r = e~*,Ua{x) := Uci(|x|) = Hait), we have classical radial 
solution to the elliptic problem 

—AUa = f{Ua), < |x| < 1 
Ua{l) = 0, Ua{0) = Vaioo). 

Observe that if lim t/Q,()(^) = ^ ^ (0, oo), for some > 0. Then radial 

t—^oo 

classical solution to {Sao) which satisfies G L°°{B). Then thanks to the elliptic 
regularity, is necessarily a classical radial solution in the unit ball. Moreover 
Uao > on _B(ro) for some tq > 0. Lemma [53] guarantees the existence of a unique 
ao G M such that lim yaoit) = ^ ^ (0, oo). 

t—>oo 

Let T{a) be the first time for which vanishes i.e. 

T(a) := sup{s > 0, s.t ?/« > on (0,s)}, 

and let I be the domain of T i.e. 

I ■= {a> 0, s.t T{a) < oo}. 

Clearly, we have aQ & J := {a > 0,a ^ I}. Moreover, if there is an a G J — {ao}, 
then the fact that ya is positive and concave on (0, oo) would imply lim ya(t) = +oo. 

t—^oo 

Thus, it is sufficient to prove that J — {ao} is a not an empty interval. 
Assume that J — {ao} is empty. Then necessarily I = (0, ao) U (ao, oo) := /i U I2. 
Now since the function T : / — )■ (0, 00) is a continuous, then T(Jj) is an interval. 
Moreover, T(/i) fl T(/2) should be empty because T it is one to one by the unique- 
ness of Cauchy problem for the ODE. This is absurd because for some positive real 
A big enough, {A, 00) C T(/i) n T(/2). 

Now we repeat that same argument again. Let ai G J — {ao}. Assume that 
Ji := J — {ao, ai} is empty. Then / = (0, ao) U (ao, ai) U (ai, 00) := Jq U Ji U I2. 
Now T : / — )■ (0, 00) is a continuous function, so T(Jj) is an interval. Moreover, 
T(/i) n T(/2) is empty because T it is one to one by uniqueness of elliptic asso- 
ciated problem. Which is absurd because for some positive real A big enough, 
{A, 00) C T(/o) n T(Ji) n T(/2). Thus Ji is not empty. 

The same reasoning proves that / is connected and so J is a not empty interval of 
(0, 00). The proof of this part is achieved. 

Lemma 15.41 proves that the above classical solution in i?i\{0} is extendable to a 
distribution solution in Bi. Note that using i) and Holder inequality, the condition 
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ii) in Lemma [5.41 is clearly satisfied for f{u) = ^(e"^ — 1). 

Now we prove the last part of Theorem 15.21 about Orlicz properties of singular 
solution. The proof contains two parts 

i) Since u{0) = oo, there exists r > such that \u{x)\ > 1 for any |x| < r. 
Hence 

[ (e«' - l)dx < I \u\{e" - l)dx < \\f{u)\\mB,). 

Therefore e"^ — 1 G L^{Bi) via the precedent Lemma, the fact that u G 
C2(Si\{0}) and u{\x\ = 1) = 0. It follows that u G C{Bi). 

ii) Let < £ < 1. By Holder inequality we have for any r > 

j (e(7)^-l)cix < T[j (e2(7)^-l)dx]'. 

Thus, there exists > such that for < r < r^, we have 

/ (e(t)^-l)da;<l. 

J\x\<r ^ ^ 

The last inequality implies in particular that 

||M||£(|x|<r) < 

The proof of Theorem 15.21 is achieved. 



5.2. Construction of a bounded solution in Orlicz space. 

Lemma 5.5. Let Q to he a singular solution given by Theorem \5.2[ Then the 
Cauchy problem 

, . (dtu - Au = f{u) in Bi 

^^■^^> \ m(0) = g, u{\x\ = 1) = 

has a local solution u G L°°([0, T]; £(i?i)). 

Proof of Lemma 15.51 For < i? < 1 we denote by xr the radial function xr ^ 
C^{M?) such that xr{x) = 1 for \x\ < R and xr{x) = for > 2R. We 
decompose 

g = (1 - xr)Q + xrQ ■■= Qi + Q2- 

Note that from the properties of the singular solution Q, we have Qi G {HQnL°°){Bi) 

and Q2 G C{Bi) with lim ||g2||£(Bi) = 0. For the rest of the proof, we fix i? > 

r-^o 

such that ||g2||z;(Bi) < min{l, ^}, where k is defined in Proposition 13.61 
First, consider the problem 



(5.43) 



dtv — Av = f{v) in Bi 
t;(0) = gi, v{\x\ = 1) = 0. 
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Using the same previous arguments, we have the existence of T := Tr > and 
V e C([0, T);L°°n H^iBi)) solution to flCTjl . 
Consider now the perturbed problem 



(5.44) 



dtw — Aw = f{v + w) — fiy) in Bi 
w{Q) = Q2, w{\x\ = 1) = 0, 



and denote by 

Xt := L°°([0, T]; £(i?i)), endowed with the norm || . \\t ■= \\ ■ ||l°°([o,t],£(Bi))- 
Define wi := e*^Q2 and consider the map 



^■.w^w:= / e^'-''^^{f{v + w + wi)~ f{v)){s)ds. 



We prove that $ is a contraction in the ball Bxir) of Xt for some small r, T > 0. 
Let Wi, W2 G Bxir) and set w := Wi — W2 and Ui := v + Wi + Wi, i G {1, 2}. By the 
smoothing effect f l3.7p . we have for any e > 
(5.45) 

II ~ ~ n < [\\f( \ f( Ml ^ II- ~ii < r ll/K) -/(^2)||l^+^ ^ 
IFi-W2||li< / ||/(Mi)-/(M2)||Lias, ||wi-W2||l°o < / ^ ds. 

Jo Jo (t — s)i+= 

Now, using a convexity argument. Holder inequality and Proposition I3.6[ we have 
for small e > 0, 



i=l 

< e2|l'^lli-^||ti;M,V('"»+"")'|Ui+. 



i=l 
2 

< e^l'^lli- J](||w;w?|Ui+. + ||^(e2(->+-')' - l)|Ui+.) 

1=1 

2 

< e2|l^lli-||w;|U^(||«,2|Ui+2. + ||e2(->+-')' - l|Ui+..) 

< e^ll^lli- \\w\\c Y.{r' + + \\wi\\l + ||e2(-^+-')' - 



1=1 



Moreover, we have 



/ (e2(i+2-)(-i+"")' - l)da: < / (e4(i+2-)K+-f] _ 

< /■ (e4(l+2.K_^)^g4(l+2.K_^)^^ 

+ / (e^(i+2-)-? - l)da; + / (e^(i+2.)«,f _ 
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Taking r > small enough, we have, by Holder inequality and Proposition 



-2(l+2eKn^^+w,r _ l^^X < 1 + / {e*^^+^'>'"^ - l)dx. 

By L°° — interpolation (see Proposition I3.6p . we have ||u';||£ < /t||(52|U < \- 
Hence, for e > small enough we have /]g2(e^^^'''^'^ — l)dx < 1. Therefore 

ll/(«l) - /(«2)||li+- < Cr,R\\w\\T. 

Using fl5.45p . we have for small T > 0, 

\\u!i - ui2\\t ^ ^Ik'llr- 
Moreover, taking in the last inequality W2 = 0, 

II^^'iIIt < Tr + II r e^'~'^^{f{wi + v) - f{v))ds\\T. 
Jo 

Using similar arguments we clearly have 



fe(^~^)^(f(nj, + v)-f{v))ds\\T<T. 
Jo 



All this shows that $ is a contraction of BtIt) for small positive r, T. Let w be the 
fixed point of $ in Bxir), and u := v + w + Wi. Clearly u is the desired solution of 
Problem f02]) in L°°{[0,T]; C{Bi)). m 

5.3. Non uniqueness. In this subsection we construct a non stationary solution 
u to the Cauchy problem fll.4p in C{Bi) with initial data Q. We show that its 
potential term will be slightly better than L^. This will suffices to apply Brezis- 
Cazenave result about regularization effect of the heat equation. Thus, the solution 
satisfies m G L°°((0, T); 

Proposition 5.6. Let uq G andu € L°°((0, T); solution to ([13]) with 

data Uo such that ||m||lo°([o,t];£(Si)) < for some e > 0. Then 

u e L°°([0,T];L°°). 

Proof. It is clear that ||e" — 1 ||L°°((o,r),Li+=) < 1 because 

_ ^^^^ ^ f ^g(^)^ _ ^^^^ < ^_ 



Now, applying Theorem A.l in [3] (see Theorem 13. lOp in choosing cr = 1+e, r > 1 + ^ 
and a := e"^ — 1, there exists a unique v e L°°{[0,T]; U) solution to fll.4p with data 
Mo- Since C([0,T];£) C L°°([0,T];L^), then M = t;. ■ 



Now we prove the nonuniqueness result given by Theorem 12.31 

Proof of Theorem \2.3[ Let Q, given by Theorem 15.21 to be a singular solution to the 
elliptic stationary problem associated to (11. 4p . Then, by Lemma 15.51 there exists 
u G L°°{[0,T]; C{Bi)) a solution to (I5.42p . Moreover, applying Proposition 15.61 to 
the second part of u (see decomposition of u in the proof of Lemma 15. 5p which is 
solution to (ICTp . we conclude that u G L°°([0, T]; L°°(fii)). Then, the problem 
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(I5.42P has two different solutions, v{t) := Q E C{[0,oo); C) and anotlier solution 
u E L°°([0,T];L°°). But \imv{x) = oo, thus 

x—>-0 

U ^ V. 
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